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ABSTRACT
Single and asymmetric parallel microstrip etches terminated by arbitrary complex 
impedances, that are often used as models for interconnects, are investigated in this work. 
The current distributions on and the spurious radiation from these etches are obtained by using 
the method of moments in conjunction with the closed-form, spatial domain Green's 
functions. Such spatial domain formulation is more efficient, by almost two orders of 
magnitude in computation time, than the conventional spectral domain approach in which the 
transformed version of the Green's functions are employed. The derivation of the closed- 
form spatial domain Green's functions for the vector and scalar potentials is presented for a 
microstrip geometry with a substrate and a superstrate, whose thicknesses can be arbitrary. 
The current distributions on the microstrip etches, computed by using these Green's 
functions, are compared with those derived from an approximate transmission line analysis. 
The computed current distributions are subsequently used to calculate the spurious radiated 
power from single as well as asymmetric parallel microstrip lines with arbitrary terminations.
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1CHAPTER 1 
INTRODUCTION
1.1. Previous Work and Overview
The rigorous analysis of printed circuit elements, such as microstrip interconnects 
terminated by complex loads, microstrip discontinuities, patch antennas and printed dipoles 
(see Fig. 1), requires the use of the vector and scalar Green's functions for a substrate layer 
backed by a ground plane. It is well-known that the Green's functions for microstrip 
geometries are improper integrals [1], also called Sommerfeld integrals, whose integrands 
are oscillatory and slowly decaying functions; hence, their calculation is very time- 
consuming if not impractical for many practical configurations o f interest. However, 
recently a novel approach to circumventing this problem has been developed [2,3], one that 
employs closed-form expressions for the spatial domain Green's functions corresponding 
to the vector and scalar potentials associated with a horizontal electric dipole (HED) located 
over a thick substrate. This technique has been further extended [4] to microstrip 
geometries with both a substrate and a superstrate, whose thicknesses can be arbitrary.
Using the closed-form expressions for the spatial domain Green's functions in a 
variational technique, e.g., the method of moments, can result in a substantial savings of 
computation time when analyzing planar microstrip structures. Once the improper infinite 
range integrals for Green's functions have been expressed in closed-forms, the rest of the 
integrals need only be computed over finite supports associated with the basis and testing 
functions. In this report, we discuss the derivation of these closed-form Green's functions 
and their applications to the problem of spurious radiation calculation from microstrip 
interconnects, modeled herein as single or double microstrip lines terminated by complex 
loads.
Chapter 2 describes the problem of convergence encountered in the conventional 
method of moments formulation in both the spatial and spectral domains, and shows that 
the use of closed-form Green's functions can help reduce the computation time 
significantly. Next, a procedure is described and the derivation presented of the closed- 
form representations of the Green's functions of the vector and scalar potentials that are 
useful for planar geometries with a substrate and a superstrate.
The application of the closed-form Green's functions to the problem of determining 
spurious radiations from a microstrip line terminated by complex loads at both ends is 
given in Chapter 3. The microstrip line is excited by an arbitrarily placed current source
2Figure 1.1 Typical microstrip geometries.
which is assumed to be uniform along the width of the line. First, the current distribution 
on the microstrip line is calculated by using the method of moments (MoM) which employs 
the closed-form Green’s functions, and compared to those obtained via the transmission 
line (TL) approach. The radiated (spurious) power is subsequently calculated from the 
knowledge of the current distribution. For the calculation of the spurious radiation, the 
amplitude of the source current is normalized to 1 mA. It is demonstrated that the spurious 
radiation from a microstrip line varies with respect to the line length and the terminations, 
and it becomes maximum for open circuit terminations when the line length is an integer 
multiple of a half-wavelength.
In Chapter 4, the current distribution on an asymmetric but parallel microstrip line 
system terminated by complex impedances is obtained by using the MoM in conjunction 
with the closed-form Green's functions derived earlier in Chapter 2. For comparison 
purposes, the current distribution on a coupled-line system, for which the line lengths are 
equal to each other, is also calculated by the TL approach, which is restricted in its 
application only to this equal length case. The calculated current distribution is used next to 
compute the level of spurious radiation from this configuration. It is shown that the 
presence of a passive line in close proximity of the active line can either enhance or reduce 
the level of the spurious radiation depending upon the phase of the induced current.
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vol. MTT-39, pp. 588-592, March 1991.
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Oct. 1988.
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International Symposium. Ontario, Canada, June 24-28,1991.
4CHAPTER 2
DERIVATION OF CLOSED-FORM GREEN’S FUNCTIONS 
FOR A GENERAL MICROSTRIP GEOMETRY
a
One of the most commonly used numerical techniques for solving electromagnetic 
problems is the MoM, which is based upon the transformation of an operator equation into 
a matrix equation. Although the MoM is preferred over differential equation methods for 
the microstrip circuit and radiation problems, because it is relatively efficient in terms of 
computation time, it is still quite time-consuming due to the slow convergence of the 
integrals involved. In view of this, it would be instructive to demonstrate the difficulties 
that one may face in the application of the conventional moment method approach to 
microstrip geometries before starting the derivation of the closed-form Green's functions 
for the vector and scalar potentials. It is well-known that the MoM can be applied either in 
the spatial domain [1] or in the spectral domain [2], although the latter is more suitable for 
microstrip geometries. Both approaches will be examined here from the point of view of 
computational efficiency.
Since the convergence problem can be best understood by investigating the matrix 
elements involved in the MoM, we begin by discussing briefly, in Sections 2.1 and 2.2, 
the application of the moment method in the spatial and spectral domains, respectively, and 
by deriving the expressions for the MoM matrix elements that turn out to be improper 
integrals. This is followed in Section 2.3 with the derivation of the closed-form Green's 
functions of the vector and scalar potentials for a microstrip geometry with a substrate and 
superstrate, each with arbitrary thickness.
2.1. Conventional Method of Moments in the Spatial Domain
Consider, for the sake of illustration, a general microstrip structure shown in Fig. 
2.1 where it is assumed that the substrate layer extends to infinity in the transverse 
directions. Let the thickness and the permittivity of the substrate be denoted by d and er, 
respectively. Although the Green's functions discussed herein pertain to the geometry 
shown in Fig. 2.1, the comments appearing in this section and Section 2.2 apply to more 
general geometries as well.
Let us begin by representing the electric fields in terms of scalar and vector 
potentials, <{> and A, respectively,
E = -jcoA -  V<$> (2. 1)
5Fig. 2.1 A general microstrip structure
The vector and scalar potentials can, in turn, be represented in terms of convolution 
integrals, involving the surface current density J  on the patch, as
6
A = G A * J
*=cv ($ VJ)
(2.2a)
(2.2b)
where is the dyadic Green's function of the vector potential and G q is the Green's 
function of the scalar potential. From (2.2), the tangential electric fields on the plane of the 
patch (z=0) can be written as
Ex = -jcoGA * Jx + i -  A [Gq * V-J] (2.3a)
E ^ - j t o G *  * J y + 1L A [Gq* V J ]  (2.3b)
It may be noted that the spatial domain Green’s functions, appearing in (2.3), have 
algebraic singularities of the first order, that is, G ~ 0(l/lr - r'l) as r —> r \ where r  and r ' 
are the observation and source coordinates, respectively.
To solve for the surface current density on the patch by the MoM, the first step is to 
expand the surface current densities by a linear combination of the basis functions as 
follows
Jx = A„ Jxn(x,y) (2.4a)
n
Jy = XB" Jyn(x-y} ' (2.4b)
n
where An and Bn are the unknown coefficients of the basis functions, JXn and Jyn- These 
basis functions can be subsectional, traveling-wave, or entire domain type depending upon 
the geometry under consideration. Next we substitute (2.4) into (2.3) and test the resulting 
equations using the functions Txm and Tym and a suitable definition of inner product, e.g.,
< f ,  g >  = J J  dxdy f*(x,y) g(x,y) (2.5)
where * implies conjugation. The process of testing could be interpreted as satisfying the 
boundary conditions on the tangential electric fields on the patch in the integral sense, 
provided that the domain of the testing functions covers the entire patch. Since the testing
functions and the tangential electric fields have finite supports over complementary regions, 
the left-hand sides of Equations (2.3a) and (2.3b) become zero after the testing, and the
(2.6a)
(2.6b)
(2.7)
where D(T) and D(B) represent the domain of the testing and basis functions, respectively, 
and | op
G *x(p} = i L  ^ kp ^ 2)(kpp) g -  (kp} (2-s)
In general, each inner product term in the spatial domain, e.g., the one given in Eq. 
(2.7), is a five-dimensional integral: one of these is associated with the Green's function 
itself which is an improper integral (Sommerfeld integral) over an infinite domain and is 
given in Eq. (2.8); two of these are convolution integrals; and, the remaining two are inner 
products. Since the num erical integration o f the five-dim ensional integrals is 
computationally intensive, the convolution integral over the Green's function and the basis 
functions is often transferred over to the basis and testing functions, enabling one to carry 
out this integral analytically. With this step, the order of integration can be reduced to 
three. In spite of this, the evaluation of the inner product is still very time-consuming 
because of the oscillatory nature and the slow convergence behavior of the integrands of the 
Green's function.
following algebraic equations are obtained for the coefficients An and Bn :
< Txm.Gxx* J x n > + - 7 < T xm>^ [ G q * ^ - J xnj > |  
n I ® j
+ I Bn{^ <Txm.|r[G^ i Jyn]>}=0
S  B” j  < Tym’ ^yy * "V" > + ~2 < Tym' [ Gq * Jyn] > 1
n 1 ® J
+ I A» { ^ < Ty n . . | r [ G q * J r J x n ] > } = 0
The first inner product term is written below as an example 
< V  G * * Jn  >=
JdoJ Txm(X’y)L j dXdy' G ” (x - x '’y -y  ) Jxn(x'-y’)
82.2. Method of Moments in the Spectral Domain
The tangential electric field on the plane of the patch due to the patch currents Jx and 
Jy can be expressed in terms of the electric-field Green's functions as convolution-type 
coupled integral equations as follows
Ex(x,y,z=0)= f  fd x 'd y '[Z xx(x -x ',y -y ')  Jx(x ',y ')+Zxy(x -x ',y -y ')  Jy(x',y ')] (2.9a)
Jd(bV
Ey(x ,y ,z= 0 )= j^ J* d x 'd y '[Z yx(x -x ',y -y ')  Jx(x ',y ')+Zyy(x -x ',y -y ')  Jy(x',y ')] (2.9b)
where the Green's function Zij is the contribution of a unit j-directed electric current 
element at the microstrip to the electric field Ei at the microstrip plane. In the spectral 
domain formulation, these equations are Fourier-transformed to yield the following 
algebraic equations
Ex(kx,ky) = Zxx(kx,ky) Jx(kx,ky) + Z ^ tk ^k y ) Jy(kx,ky) (2.10a)
Ey(kx,ky) = ZyX(kX,ky) Jx(kx,ky) + Z ^ ^ J i y )  J y ^ k y )  (2.10b)
where the Green's functions are expressible in closed-forms, and ~ implies Fourier 
transforms. The electric field Green's functions in the spectral domain can be readily 
obtained by using the immittance approach described by Itoh [3]. The application of the 
moment method starts with the expansion of the current densities as in (2.4), substitution 
of the Fourier transforms of these basis functions in (2.10), followed by the testing with 
the Fourier transforms of the testing functions. Following this procedure one arrives at the 
following algebraic equations:
1^1 < TXm, Z »  JxH > + Bn < Txm, Z^y Jyn > — 0
n n
An < Tym, Zyx Jxn > + ^  Bn < Tym, Zyy Jyjj > — 0 
n n
(2.11a)
(2.11b)
where the inner products are defined over an infinite domain. The first inner product term 
is written as
< ^xm> ^xx ^xn > ~ J  |*dkxdky ^ ^ (k x , ky) Zxx(kx, ky) Jxn(kx, ky) (2.12)
9where the Green’s function Zxx has the following asymptotic behavior:
as kp—■> oo (2.13)
Since the Green's functions in the spectral domain are expressible in closed forms, the
elements o f the MoM matrix become double integrals (2.12) over infinite ranges. 
However, one of the integrations could be transferred over to the finite domain by 
transforming the Cartesian coordinates to polar coordinates. As a consequence, for 
microstrip geometries the spectral domain moment method can be more efficient than the 
spatial domain approach which requires the computation of triple integrals. The spectral 
domain approach is usually employed in conjunction with an acceleration technique in 
which the asymptotic part of a Green's function (2.13) is subtracted from the original 
Green's function and its contribution is calculated either analytically or in a numerically 
efficient manner [4]. Even so, this computation is still expensive because the integrands 
are oscillatory functions of the spectral domain variables, and for the self-terms, for which 
the observation mesh coincides with the source mesh, the convergence is still quite slow.
2.3. Closed-Form Green's Functions For the Vector and Scalar Potentials
One remedy for the aforementioned convergence problem is to express the spatial 
domain Green's functions in closed forms so that the inner products become two- 
dimensional integrals over a finite range (see Section 2.1), and the time-consuming part of 
the moment method in the spatial domain, which is the evaluation of the Green's functions, 
is completely avoided. The Sommerfeld integrals for the Green's functions corresponding 
to the vector and scalar potentials are written as
(2.14)
where
~  A
G is the Green's function of the vector potential in the spectral domain
Gq is the Green's function of the scalar potential in the spectral domain 
(2)H0 is the Hankel function of the second kind
SIP stands for the Sommerfeld Integration Path.
The procedure for deriving closed-form expressions for the Green's functions 
entails the following steps:
1. Obtain the Green's functions for the vector and scalar potentials in the spectral 
domain
2. Find the quasi-static images (real images) and their contributions by using the 
Sommerfeld identity.
3. Find the surface-wave poles and calculate their contributions analytically.
4. Approximate the remaining integrand, which is now a smooth and relatively 
rapidly decaying function of the integration variable kp in (2.14), can be
approximated in terms of complex exponentials using the least square Prony's 
method.
This technique is demonstrated, step by step,a for a planar geometry with a substrate and a 
superstrate of arbitrary thicknesses and dielectric constants, as shown in Fig. 2.2.
2.3.1. Green's functions for the vector and scalar potentials in the spectral
domain
The Green's functions in the spectral domain are derived in Appendix A, and are
given by
(2.15a)
(2.15b)
where
t jE  = [ e“jk=2 +  R Îe e~jk=(2d>~2h-z) + RJg e-jk* (z+2h) ] (2.16a)
= [ e“jk=z + ( + Rq ) e~jk=(2d‘~2h~z) + (RTC + Rq) e“jk»(z+2h) ] (2.16b)
^+1
1 z
Free-space
Superstrate
Sri X
h
Sri-1 Substrate
Ground plane
Figure 2.2 Substrate-superstrate geometry.
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^ tm/teCz) :
_i_pU+l , pi.i+1 p i.i-1  ^-jkn^h+z) 
*  k TM,TE + k TM,TE k TM,TE e______
1 _  6 i*i+1 £>*'*-1 ~ - } \ i2di
1 k tm,te k tm,te e
• p i , i - l  , p i» i+ l nM  
/A ± k TM,TE + k TM,TEk T1 
RTM,TeU1 -  - T iZ l -rrrzi
-  for TM 
+ for TE
-  for TM 
+ for TE
(2.16d)
(2.16e)
and R ^ te the generalized TM and TE reflection coefficients at the interface between 
regions i and i+1. These generalized reflection coefficients are defined in terms of the 
Fresnel reflection coefficients:
p i,i+ l  _  pi.i+1 
KTE -  KTE
^zi ^zi+1 
^zi ^zi+1
p i.i-1
k TE
r te_1 "  e“j2kzi- ldi- 1 
i -  R i f 1 e- j2k^ di-i
^zi ^zi-1 
^zi *** ^zi-1
p i , i + l_ p  i,i+ l_
k TM ~k tm -
^i+ l^zi ^i^zi+l p i , i - l  
Ei+i^zi + £ikzi+1 ’ ™
R ™ 1 + e“j2k-> d‘->
1 +  Rig1 e-j2k»-'d‘-i » ^ TM —
where kzi-i = (k i-i2 - kp2) 1/2, kzi = (ki2 - kp2) 1/2 , and kzi+i = (k i+ i2 - kp2) 1/2. The 
above parameters (2.16a)-(2.16e) are obtained for the observation point ze [0, df-h].
2.3.2. Quasi-static images and their contributions
To obtain the spatial domain counterparts of the spectral Green's functions given in 
(2.15a) and (2.15b), it is necessary to evaluate their inverse Hankel transforms as for 
instance in (2.14). In general, the inversion integral in (2.14) can not be evaluated 
analytically. However, for the quasi-static images that are exponential approximations of 
the spectral domain Green's functions as ko -> 0, the inverse Hankel transform can be 
evaluated analytically by using the Sommerfeld identity:
(2.17)
Since the quasi-static fields are defined in the range in which the observation distance is 
much smaller than the ffee-space wavelength (p<< X), they correspond to the asymptotic 
components (kp -> oo) of the Green's functions in the spectral domain. Therefore, the
subtraction of these quasi-static terms from the Green's functions (2.15a) and (2.15b) 
makes the remaining integrands of (2.14) decay faster for large kp. From (2.16a) and
(2.16b), we note that we only need the asymptotic terms of the reflection coefficients 
RTe 's and Rq's, which are denoted here as Rt EO and RqO> and are given by
► as ko—> 0
where K i,i+1=(£ri-eri+1V(Eri+Eri+1 ) and Ki_ \ ,i=(£ri-1 -£ri)/(eri-1 +£ri)- The effect of 
subtracting the asymptotic terms from their original spectral domain representations (2.16c) 
and (2.16d) is shown in Fig. 2.4, where the integrands are plotted along a new integration 
path C. The Sommerfeld integration path is deformed into the integration contour C via the 
transformation
where T0 is the truncation point (see Fig. 2.3). The reason for introducing this 
deformation of the integration contour SIP is that we plan to employ Prony's method, 
detailed in Section 2.3.4, to approximate the spectral domain Green’s functions (2.15a) and 
(2.15b), which are the complex functions of a real variable t, in terms of a sum of complex 
exponentials. Returning to Fig. 2.4, we observe that for large t the real part of RTE+Rq- 
RTEO-RqO goes to zero while the real part of RTE+Rq approaches a constant that can be 
associated with the quasi-static contribution.
After extracting the contributions o f the quasi-static components, the Green's 
functions, given in (2.14), can be rewritten as
(2.18)
Gxx
A GA0+ Ö c dkPkPH°2>(kPP)
(2.19a)j2kzi
(R^E+Rq-Rqo) e- ^ - ^ ) +(R^ _ R- EO_R-o) e - i^ + 3 0
(2.19b)
14
Figure 2.3 The integration contours SIP and C.
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(a)
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-1 
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-4
-2 0 2 4 6 8 10
t
(b)
Figure 2.4 (a) The real and imaginary parts of + R~ given in Eqs. (2.16a-e) and 
(b) the effect of subtracting the asymptotic terms.
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where
r xx _  H e-j^
G A 0 - 4 i ' ^ -
H e~jk* '  
4re ru (2.20a)
r 1 
q0 4jtei
.-Jkii,d K i,i+i e- t e  K u+1 K;_u
rd 4rc£j r i2 4itei r i3
-2K i- u  e-jk^  ( l-K f.i.i)  e * f *  K u+1 K,_u  e * « »
4 m i r i4 47C£i ri5 47C£i ri6
(2.20b)
rd = Vp2 + z2 ; ru  = V p 2 +(z+2h+2di_1)2 ; r i2 = -y/ p2+(2dr 2h-z)2 ;
ri3= V  P2+ (2d;+z)2; r i4= V p 2+ (z+2h)2; ru= V  p2+ (2di_1+z+2h)2 ; ri6= V  p2+(2dr z)2
Note that the first term in both (2.20a) and (2.20b) represents the direct field i.e., the 
response of a point source in an infinite medium with wavenumber ki, while the remaining 
terms in the expressions for the vector and scalar potentials are the real images, one for the 
former and five for the latter.
2.3.3. Surface-wave poles and their contributions
It is well-known that the Sommerfeld integrals for layered media contain a certain 
number of poles and branch singularities and that these singularities are associated with the 
surface, leaky and lateral waves launched by the source. Among these, the surface waves 
play a rather significant role as they are guided along the interface without leaking energy. 
The corresponding pole singularities are located on the real axis o f the kp-plane and must
be handled properly. Even if the integration path is deformed such that it is not too close to 
these pole singularities, their presence still affects the value of the integral for small values 
of kp or t. It is helpful to extract these singularities from the integrand before employing
Prony's method to approximate it, because this helps smooth the integrand (see Figs. 2.5 
and 2.6) and renders it easier to approximate via the Prony algorithm.
Since the surface-wave poles always occur in complex conjugate pairs, a typical 
pair can be represented mathematically as
2kpp ( Residue at kpp)
(a)
(b)
Figure 2.5 Fi(kp) with and without the surface-wave poles; a) real, 
b) imaginary part of Fi(kp).
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(a)
(b)
Figure 2.6 F2(kp) with and without the surface-wave poles; a) real, 
b) imaginary part of F2(kp).
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where kpp is the surface-wave pole. By subtracting these poles from the integrands 
(2.19a) and (2.19b), and analytically evaluating their contribution via the residue calculus 
technique, we can derive the following representation for the spatial domain Green's 
function for the vector potential:
G ?  =  G ao +  G £ w +  £  J fd k p k p  H ® fcpp) (2 .21)
where
N.TE
G £w  = £  X  L ^ P ^ P  H?0kpp)
i=l
2kpp(i) Resl 
kp ” ^pp(i)
(i)
N.TE
= X  kPP(i) H ^ ppG) P) Resl<i>
i=l
i—1 kp kpp(i)
R e s l®  =  *.
- j t d(2di-2h-Z)
-jkii(2h+z)
kP=Vs>
j2kzi
lim (kp -  kpp(o) Rtc
V * » ®
lim (kp -  kpp(i)) Rtc
kp-*kpp(i)
kp-kppG3
Similarly, for the Green's function for the scalar potential, we can write
1 C°° p  ^  ^
Gq = Gq0 + Gqsw + Jfd k p k p  Hl2)(kpP)
n te+n tm  ^  _  _(i)
G _ L _  V  f dk k H ?V k d ) 2kpp(i) R es2Gqsw -  4 lt£ i Z ,  J_jikpkp  (kpP)
^rE^TM
= —“  (—J2jc) X  kppffl H^ftppO) p) Res2®
47tei i=i
(2.22a)
F 1(kp)= R iE ® r t E 0 ) e - ^ +a) - j2 k zlX 2kp2P(l>R2eSl<1> (2.22b)
(2.22c)
(2.23)
(2.24a)
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2kpp(j) Res2
i—1 kp kpp(i)
(2.24b)
Res2(i) = —
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kP k ppOO
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j2kà
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p^^ ppTEû)
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. kp-> kppTM(i)
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l i ï
RTE 1+
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V kp2 J
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V kp J
/
Rte 1+V kp J
f
&
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V K )
(2.24c)
Hence the Green's functions obtained in (2.21) and (2.23) can be either evaluated 
numerically or approximated by a closed-form expression which will be explained in the 
next section.
2.3.4. Approximation of the remaining integrands
In this step, F i (k p )  and F2(kp), given in (2.21) and (2.23), respectively, are 
approximated in terms of complex exponentials by using the least square Prony's method 
which is explained in detail in Appendix B. In order to be able to use the Sommerfeld 
identity (2.17) for the exponentials obtained from the approximations of F i (kp)  and 
F2(kp), these exponentials should be functions of kzi which is a complex number in
general. Since Prony's method is applicable to complex functions with real variables, we 
need to transform the complex variable kzi into a real variable t by a parametric function, 
defined in (2.18), which maps te  [0,To] into kzi€ [ki,-jkiT0]. Since T0 corresponds to 
k i[l+ T 02 ]l/2  in the kp-plane, the choice of T0 is dependent upon the behavior of the 
integrands to be approximated for large kp. Both F i(kp)  and F2(kp) are uniformly
sampled along the integration path C, which corresponds to the real variable t, and 
approximated in terms of exponentials of the variable t, or k ^  as follows:
21
Nn Nn
Fn(kp) = X ®ni e<Xni 1 = X e~ßDi ^  n=1’2 (2.25)
i=l i=l
where bni and pni are written in terms of ani and ani
Next, the integrals in (2.21) and (2.23) are evaluated analytically by using the Sommerfeld 
identity, given in (2.18), to yield
where r i i  and r2i are complex numbers; hence, each of the terms in the above series is 
referred to as the contribution of a complex image.
In Prony's method, the number of sampling points is required to be at least twice 
the number of exponentials to be used in the approximation. If the number of sample 
points is chosen to be exactly twice the number of exponentials, the approximation will be 
exact only at the sampling points, and there will be no guarantee that it would be accurate 
elsewhere. It is therefore essential to take as many samples as necessary to ensure the 
capture of any rapid variation of the function being sampled. Consequently, the number of 
sampling points is usually taken to be much higher than twice the number of exponentials; 
this prompts us to use the least square Prony's method [5,6], which is designed to handle 
this situation.
2.4. Results and Discussions
Following the procedure described above, we have derived the closed-form 
Green's functions for the vector and scalar potentials for a horizontal electric dipole located 
at the interface between the substrate and superstate  as shown in Fig. 2.3. Their 
expressions are given by
e“jkir*
(2.26b)
(2.26a)
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(2.27a)
1 e - * r- K u+1 e-jVi2 K u+1 Ki_u  e- t e  K i—1(i e-JVi4 (1 -K ,lu )
Gi _ 4jtei rd ' ri2 4jtEi r i3 4jte; r i4 4Jtei ri5
nte+ntm N2
-  Ki,i4 ^ " 1'i e^ T ~ ^  2  kPP(0 ^ (k p p iO p ) Res2®+ I l - X b 2 i ^  G.27b)
where N jE  and Nt m  are the numbers of TE and TM surface-wave poles, and N i and N2 
are the numbers of complex images for the vector and scalar potentials, respectively.
For the sake o f illustration, we have chosen GaAs (£r =12.5) with a thickness of 
0.03 cm and teflon (er =2.1) with a thickness of 0.07 cm as the superstate and substrate
materials, respectively. Two surface-wave poles have been found for this geometry at the 
frequency of 30 GHz, one for TM at kp=7.38457 and the other for TE at kp=6.49447.
Figures 2.7 and 2.8 compare the magnitude and phase of Green's functions obtained from 
the numerical integration of (2.21) and (2.23) with those computed from the closed-form 
expressions in (2.27a) and (2.27b) for an operating frequency of 30 GHz. The time 
savings realized from the use of the closed-form expression is substantial, approximately 
three orders of magnitude in this case, and yet the agreement is excellent between the two 
results.
In the example given above, the thickness of the substrate is about one-tenth of the 
wavelength in the dielectric medium of the substrate, which is not particularly thin. Thus, 
we consider another example of a microstrip geometry for which the dielectric constant and 
the substrate thickness are 4.0 and 0.02032 cm, respectively. The frequency of operation 
is now chosen to be 1 GHz; and, for these parameters, the substrate thickness is only 
0.00135 in terms of the wavelength in the medium and only one TM surface-wave pole 
exists, located at kp=0.20944. In this example, we have used two and four complex
images for the closed-form representations of the Green's functions for the vector and 
scalar potentials, respectively, i.e., have chosen N i=2  and N2=4 in Eqs. (2.27a) and 
(2.27b). As can be seen from Figs. 2.9 and 2.10, the closed-form Green's functions and 
the numerically integrated Sommerfeld integrals are found to be in very good agreement up 
to a moderate distance between the observation and source points; beyond which the
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Figure 2.7 The Green's function for the vector potential; a) magnitude,
b) phase. eri=12.5, di_i=0.07 cm, di=0.03 cm, freq= 30 GHz.
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Figure 2.8 The Green's function for the scalar potential; a) magnitude,
b) phase. 8ri=12.5, di_i=0.07 cm, di=0.03 cm, freq= 30 GHz.
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(b)
Figure 2.9 The Green's function for the vector potential; a) magnitude,
b) phase, eri-1=4.0, £ri=1.0, d i-1=0.02032 cm, freq= 1.0 GHz.
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(a)
Figure 2.10 The Green's function for the scalar potential; a) magnitude,
b) phase. £ri-1=4.0, eri=1.0, d i-1=0.02032 cm, freq= 1.0 GHz.
27
closed-form approximation begins to deviate somewhat from the exact Green's functions. 
Although it is possible to employ far-field approximations [7,8] to derive a more accurate 
representation of the Green's functions for large p, this is often unnecessary because the 
size of the conductors on a substrate is usually on the order of a wavelength or less, and the 
closed-form representations of the Green's functions are usually adequate.
We conclude this section by observing that the procedure given above is quite 
general and is applicable to a wide range of frequencies and material parameters, and yet its 
use results in savings of computation time in the calculation of the Green's functions as 
well as in the application of the MoM to microstrip problems.
28
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CHAPTER 3
MICROSTRIP LINE TERMINATED BY COMPLEX LOADS
In this chapter, we investigate the problem of spurious radiation from a microstrip 
etch by considering the geometry of a microstrip line on a substrate as shown in Fig. 3.1. 
Since our ultimate goal is to assess the level of spurious radiation from an integrated circuit, 
we start with the calculation of the radiated power from an interconnect. The interconnect 
is modeled here as a microstrip line which is fed by a current source and terminated by 
complex loads at both ends. The location of the current source is arbitrary as are the 
complex load impedances terminating the line. Our objective is to compute the current 
distribution on the line and the level of spurious radiation as a function of the length of the 
line and the load impedances.
The current distribution on a microstrip line is calculated in Section 3.1 by using 
Galerkin's MoM in conjunction with the closed-form Green's functions whose derivations 
have been discussed in the previous chapter. First, the application of the MoM is presented 
briefly and a set of linear equations is obtained for a microstrip line fed by a current source. 
Since the current density on the line is expanded in terms o f basis functions in the 
application of MoM, the choice of these basis functions is important for the convergence of 
the integrals involved. Therefore, the basis functions representing the current density on 
the microstrip line and at the source and load terminals are discussed next. The current 
distributions for various lengths and load impedances are obtained and compared with 
those calculated by using an approximate transmission line (TL) model for the problem.
In Section 3.2, the level of spurious radiation, which is defined as the radiated 
power crossing the plane parallel to the plane of the microstrip line, is calculated by making 
use of the current distribution obtained in the previous section. The results of the radiated 
power for some typical termination impedances are given as a function of the length of the 
microstrip line.
3.1. Current Distribution on a Microstrip Line Terminated by Complex 
Loads
Figure 3.1 shows the geometry of a microstrip line fed by an arbitrarily located 
current source and terminated by complex impedances at both ends. The substrate is 
assumed to be infinitely wide in the x- and y-directions with a thickness d and a relative 
permittivity er .
30
Figure 3.1 Geometry of a microstrip line terminated by complex loads.
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3.1.1. Formulation of the problem
The electric field along the line can be written in terms of the Green's functions of 
the vector and scalar potentials as
Ex = - j 0 ) G ^ * J x + i ^ r ( G q * V J )  (3.1)
where Jx is the x-component of the surface current density J. The y-component of the 
cuirent density is assumed to be negligible because the width of the microstrip line w is 
much smaller than the wavelength in the dielectric medium. Therefore, only the x-directed 
current density is represented in terms of the basis functions, expressed as
Jx (x,y) = ^  ^  Jxn(x,y) + Js(x,y) (3.2)
where In is the unknown coefficient of the basis function and Js is the basis function for 
the current source. The choices of these basis functions will be detailed in the next section 
from the convergence point o f view. By substituting (3.2) into (3.1) and testing the 
resulting equations using the basis functions Jxm (Galerkin's method of moments) with a 
suitable definition of inner product (2.5), the following algebraic equation for the 
coefficients In is obtained for each m:
<Jxm>Gxx*Jxn> + “ T  < 
cu
=  -  <  T G A * J > -----—Jxm>VJxx Js -5
or
Jxm,9 x (Gi* a x Jxn) > ] 
< Jim’ d x (G<i* a r Js) > (3.3)
If the number of equations ( number of m) is less than the number of unknowns (number 
of n), another set of equation is necessary which makes them equal to each other in order to 
find a unique solution for the coefficients In-
3.1.2. Choices of basis functions
It is well-known that the choice of the basis and testing functions plays an important 
role in determining the rate of convergence of the integrals associated with the moment 
method matrix (3.3). An improper choice can lead to nonconvergent integrals [1] and, 
consequently erroneous results [2]. Since the Galerkin's method in which the testing
functions are the same as the basis functions results in a symmetric matrix, we have 
employed the Galerkin’s method of moments in this study (see Eq. (3.3)). Therefore, only 
the choice of basis functions will be addressed here.
Note that some of the inner products in (3.3) contain differentiations that result in 
higher-order singularities in the corresponding integrands than those that do not contain 
these derivatives. Thus, it will be sufficient to study only the terms with the derivatives in 
order to ensure the convergence of all the integrals. This integral is
< X ’ 3 x [ Gq* 3 x Jxn]  >
= J j j J * “*  J- (x’y} I t L J dX’dy' ¿J*„(x\y ') (3.4)
where D(T) and D(B) represent the domain of the testing and basis functions, respectively, 
and the second term in the inner product is the tangential derivative of the scalar potential. 
If one were to calculate the derivative of the scalar potential in (3.4), which is a convolution 
integral, the derivative o f the basis function in this integral has to satisfy the Holder 
condition [3]. This condition is stronger than the continuity condition but weaker than the 
differentiability condition [4]. However, in MoM, we are interested in calculating the inner 
product of the derivative of the scalar potential with a testing function which is the same as 
the basis function in this case. If the basis function is at least piecewise differentiable, we 
can use integration by parts to transfer the differentiation before the inner double integral 
over to the basis function Jxm as follows:
< Jxm>
3  3  1 3  T
3 x  |_ Gq * 3 x Jxn J >_ < 3 x J G *xm» '-'q _3_.3x xn> (3.5)
Since the basis functions are piecewise differentiable functions, their derivatives become 
piecewise continuous functions, which can not ensure the existence of the tangential 
derivative of the convolution integral. Therefore, the step involving the integration by parts 
must be justified. In accordance with the discussion presented in [5], the existence in the 
Riemann sense of either one of the integrals in (3.5) also implies the existence of the other. 
The integral in the right-hand side of (3.5) is guaranteed to satisfy the Riemann's 
integrability condition if the basis functions are at least piecewise differentiable functions in 
the direction of differentiation.
In view of the above discussion, the basis functions, apart from those that represent 
the source and load currents, are chosen to be rooftops, which are triangular functions in
the longitudinal direction, uniform in the transverse direction, and are defined 
mathematically as
Jxm (*.y) = '
1 -
I x-m hx I
0
I y I < w/2
(m -l)h x < x < (m +l)hx
(3.6)
elsewhere
where hx is the support of the basis functions (see Fig. 3.2(a)).
The source and load contributions to the current density on the microstrip line are 
taken into account by employing suitable basis functions for them and relating them to the 
other equations. The basis functions for the current distribution associated with the source 
and loads are given as
Js (x,y)
v (1 + t)  - h‘ S x S 0 , l y l S T  
w(1_t)  0SxSh-'y|sf  • (3.7a)
0 elsewhere
JLoad<X,y)='
_1_ x +  Nt hx 
" w hx
1 x -  Nr hx 
w hx
0
w
(N ,+  l ) h x < x < - N , h x>ly l < y
Nr hx ^ x ^ ( N r + l ) h x, l y l S y  (3.7b) 
elsewhere
and plotted in Figs. 3.2(b) and 3.2(c), respectively. These basis functions have been 
chosen to be compatible with the rooftops (3.6), which have already been employed to 
represent the current density on the microstrip line. However, these functions are 
piecewise continuous while the rooftops are piecewise differentiable functions. 
Consequently, the integrals corresponding to the basis functions of the source and loads in 
(3.3) would be divergent unless some physical requirements are applied to make them 
convergent. The problem of piecewise continuous functions as basis functions for the 
current density is the discontinuity which gives rise to infinite, nonphysical charge density, 
i.e., a singularity in its derivative as required in (3.3). Once this singularity is removed, 
wherever it can be justified physically, the integrals involving these basis functions become
34
Figure 3.2 Basis functions representing the current density (a) on the line, 
(b) at the source, and (c) at the load terminals.
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convergent. The question now is if it is legitimate to ignore the impulse function resulting 
from the derivative of the piecewise continuous basis functions.
In the case of the source basis function (3.7a), the conservation of charge at the 
junction x=0, where the current-carrying probe and the microstrip line meet, implies that 
the charge density cannot be singular. By using the same argument, the divergence of the 
current at the load terminals must be finite. Therefore, it is safe to conclude that the 
singularities in the derivatives o f the source and load basis functions are not physical 
singularities; consequently, they should be ignored wherever they appear as a result of the 
divergence of the current.
With the choices of the basis functions given above, ignoring the singularities 
caused by divergence of the current, the application of the integration by parts is justified. 
Hence, the derivatives in front of the convolution integrals in (3.3) are transferred over to 
the basis functions JXm» as given in (3.5), and Eq. (3.3) can be rewritten as
where the number of equations (N i+Nr+1) is less than the number of unknowns 
(Ni+Nr+3) by two equations. These two equations are obtained in terms of the load 
impedances by enforcing the necessary boundary conditions at the load terminals, which 
will be detailed in the next section.
Each inner product term in (3.8) is a four-dimensional integral provided that the 
closed-form Green's functions are used. Since the numerical integration of a four­
dimensional integral is quite expensive, even though the integration is over the finite 
domain, the convolution over the Green's function and the basis function is transferred to 
the two basis functions involved in each term. If the basis functions have been chosen 
such that their convolution can be performed analytically, which is the case for the choice 
of the basis functions given in (3.6), (3.7a) and (3.7b), the inner products in (3.8) are 
reduced to double integrals over finite domains. This transfer of the convolution requires 
an interchange of the order of the integrals, and it is necessary that the integrand satisfy the 
sufficiency criterion for the uniform convergence of the integral [6].
N + l
(Gq*9x^xn)> j
m = -N ].....Nr (3.8)
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3.1.3. Additional equations for the load basis functions
To be able to relate the coefficients of the load basis functions to those of the other 
basis functions, we need to set two boundary conditions, each of which is related to the 
one of the complex load impedances. Since the relationship between a load impedance and 
current is defined as a voltage difference between the line and the ground plane, the 
expressions for the voltages at the load terminals comprise the impedances of the loads, the 
coefficients of the load basis functions, and the coefficients of the other basis functions 
defined on the microstrip line.
Here, we will investigate two different approaches, the first of which is based on a 
rigorous definition of voltage in terms of field components, while the second is based on 
the transmission line analysis using current and voltage waves.
For the rigorous approach, the voltages at the load terminals can be defined by
r°V(x= -X!) = dz Eri_1(x=»-x1, y=0, z)
f°= Xj) = dz Ezi_1(x=xr, y=0, z)
*L d i-i
V(x
(3.9a)
(3.9b)
where Ezi-l  is the spatial domain representation of the z-polarized electric field in the 
substrate. The z-component of the electric field in the spectral domain can be obtained in 
terms of the basis functions on the microstrip line and the z-directed current on the probe as
Ëzi-1 = Ï* + G= \  (3.10)
where ~ implies Fourier transform and superscript E denotes electric field, i.e., the Green's 
functions in (3.10) are for the electric fields. It should be noted that the z-directed current 
on the probe is employed in the calculation of the z-polarized electric fields, although it has 
not been used for the calculation of the current distribution on the line (see Eq. (3.8)). The 
x-polarized electric field, which is used to obtain Eq. (3.8), is the secondary field for the z- 
directed current. At this point, it becomes obvious that there are two major disadvantages 
of using this rigorous approach to obtain relations between the load impedances and the 
coefficients of the basis functions. One is the need to use the probe current which requires 
a good model for the source connection, the other one is to apply the inverse Fourier 
transform to the z-polarized electric field (3.10) for each basis function to obtain its spatial 
domain representation which is computationally expensive. Therefore, a simple and
computationally efficient approach based on the transmission line analysis is proposed to 
relate the load impedances to the surface current density on the line.
In the transmission line analysis, it is well-known that the total voltage V(x) and 
total current I(x) on the line are related by the following first-order differential equations:
dl(x)
dx = -  Y V(x) (3.11a)
dV(x)
dx = -  Z I(x) (3.11b)
where Y=jp/Zo and Z=jpZo are the series impedance and shunt admittance per unit length 
of the line, respectively. The characteristic impedance Zo and propagation constant (3 of the 
line are calculated by using empirical formulas based on a quasi-static analysis [7]. If the 
derivatives in (3.1 la) and (3.1 lb) are approximated by finite differencing and the resulting 
equations are related to each other for the load terminals at x=-xi and x=xr , the following 
equations are obtained (see Figs. 3.2(a) and 3.2(c)):
i+ jp » v § r -
P2 hx
f zu p2 h ^
-  JNr +  [ 1+ — JN+1 “  0
(3.12a)
(3.12b)
where V(-xi)/I(-xi) =-Zl i  and V(xr)/I(xr) = Z]_,r are employed. Note that Equations (3.12a) 
and (3.12b) are dependent upon the finite-difference approximation, for example, here we 
have used central differencing for (3.11a) and forward differencing for (3.11b) to obtain 
(3.12a). By using these two equations together with the equations given in (3.8), the 
current distribution on the microstrip line terminated by the complex load impedances Zl i 
and ZLr is obtained. The current distribution on the line is also calculated by using the TL 
approach, which is given in Appendix C, and compared with those that are obtained by the 
MoM discussed above. The results are discussed in the next section.
3.1.4. Results and discussions on the current distribution
The following parameters have been chosen for the examples given below: the 
dielectric constant of the medium eri-1 =4*0; the ratio of the width of the microstrip line w to 
the thickness d i-i of the substrate =4.0; the thickness of the substrate d i-1=8.0 mils; and 
the frequency of operation =1.0 GHz.
Since the current distribution on a line can be predicted intuitively for standard 
terminations such as matched, open-circuited and short-circuited, the current distributions 
corresponding to these terminations will be given first. As expected, the magnitude of the 
current distribution predicted by the TL approach is simply uniform throughout while its 
phase changes linearly along the length of the line for matched load terminations at both 
ends of the line (see Fig. 3.3). However, since the characteristic impedance of the line has 
been calculated using an empirical formula based on a quasi-static approach and this 
impedance has been used as matched load terminations, we can expect the moment method 
results for the same problem to be slightly different. We note from Fig. 3.3 that this is 
indeed the case. Figures 3.4 and 3.5 show excellent agreement between the current 
distributions calculated by the TL approach and the MoM for a 12-cm long microstrip line 
terminated by open and short circuits at both ends, respectively. However, the agreement 
would not be as good around the resonance because of the difference in the resonant 
lengths of the line predicted by the MoM and TL approaches. As an example of a complex 
termination, we have chosen a resistance of 20K in parallel with a 8 pF capacitance, which 
represents the typical input impedance of a T I L circuit. The current distributions for this 
termination have been calculated by using both the TL and the MoM approaches, and are 
exhibited in Fig. 3.6. It is observed that the magnitude of the current calculated by the TL 
approach is slightly different from that of the MoM, because as mentioned above, the 
length of the line is close to the resonant length for this load termination.
In the previous section, we stated that the propagation constant of the line is needed 
for the inclusion of the loads as expressed in (3.12a) and (3.12b), and it is calculated by 
using an empirical formula with 1 percent error margin. It is necessary to investigate the 
sensitivity of the current distribution to the effective dielectric constant, in turn to the 
propagation constant. With this in mind, we present the plot of the current distribution on a 
microstrip line 12-cm long and terminated by complex loads of 8 pF//20 KQ for the 
effective dielectric constants of 3.2 and 3.3, which are in the vicinity of the value obtained 
from the empirical formula (3.26). It can be observed from Fig. 3.7 that the current 
distribution remains virtually unaffected by the small variation of the effective dielectric 
constant.
A study of the current distributions for different lengths of line leads us to the 
conclusion that, in general, the TL approach predicts the current distribution reasonably 
well, provided that the frequency of operation is not close to the resonant frequency of the 
cavity represented by the truncated line.
x(cm)
(a)
x(cm)
(b)
Figure 3.3 Current distributions obtained by using MoM and TL approaches 
for matched load terminations; (a) magnitude, (b) phase.
40
(a)
(b)
Figure 3.4 Current distributions obtained by using MoM and TL approaches 
for open-circuited terminations; (a) magnitude, (b) phase.
(a)
(b)
Figure 3.5 Current distributions obtained by using MoM and TL approaches 
for short-circuited terminations; (a) magnitude, (b) phase.
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x(cm)
(a)
(b)
Figure 3.6 Current distribution obtained by using MoM and TL approaches 
for a complex load termination ZL=(20K//8pF); (a) magnitude, (b) phase.
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x(cm)
Figure 3.7 Current distributions obtained by using the MoM for a complex load 
termination ZL=(20K//8pF) and for Eeff = 3.2 and 3.3.
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3.2. Spurious Radiation
After solving for the current distribution on the microstrip line, whether it is derived 
by using the TL approach or the MoM, both the near and far field components can be 
calculated by using corresponding Green’s functions. Therefore, the spurious radiated 
power can be obtained through the integration of the Poynting vector over a closed surface 
which could be a rectangular box enclosing the microstrip line.
3.2.1. Formulation of the problem
In this section, we will calculate the spurious radiation defined as the total power 
crossing a plane parallel to the plane of the substrate. The total power is expressed as
P = jRe J j ds-E x H* s  jRe jj dxdy (Ex Hj -  Ey ) (3.13)
Since the calculation of the field components requires a convolution integral for each basis 
function that is used to represent the current density on the microstrip line, implementing 
(3.13) in the spatial domain becomes computationally expensive. Therefore, the field 
components in Eq. (3.13) are transformed into the spectral domain, and the total power is 
expressed in the spectral domain as
p = t r  i —  f f dkxdky [Ex(kx,ky) H j(kx,ky) -  Ey(kx>k J  H*(kx>k )] 47i2J- ” ' (3.14)
where the field components in the spectral domain can be obtained by multiplying the 
spectral domain Green's functions by the Fourier transform of the current distribution on 
the microstrip line, which has been obtained in the previous section. Thus, the total power 
radiated can be written as
P= 2 Re ¿ f i dkxdky [ ( G
r^E j 
XX  J X )( Gyx Jx)*- ( Gyx j x)( Gxx j x)*] L (3.15)
where the Green's functions for the electric and magnetic fields are obtained by using the 
immittance approach [8], and given by,
GxX = t Ze cos2(j) + Zh sin2<j> ] e jkz°z for z > 0 (3.16a)
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G ^  = [ ( Z e - Z h )sin<t>cos<|)]e"jkz«z for z > 0
G “  = [ ( YteoZ11 -  YXM0Ze ) sin<|> cos0 ] e“jk*>z for z > 0
G ” = [ Yteq Zh sin2(t> + Ytmq Ze cos2(|) ] e_jk*>z for z > 0
(3.16c)
(3.16b)
(3.16d)
where Yteo» Ytmo and Yt e i» Yt m i are wave admittances in the free space and in the 
dielectric medium, respectively; (J>=tan'1(ky/kx); and,
Since the value of z is greater than zero, the Green's functions (3.16a)-(3.16d) become 
decaying functions for most of the spectrum, and this leads to the rapid convergence of the 
double integral (3.15).
3.2.2. Results and discussions
In this part of the study, the length of the line is considered to be the independent 
variable while the spurious radiated power is the dependent variable. The dielectric 
constant of the medium is eri-i=4.0, the width of the line w to the thickness of the substrate 
di-i ratio is 4.0, and the thickness of the substrate is di-i=8.0 mils (.203mm). The source 
is located approximately 1.0 cm from the left edge of the microstrip line, and its amplitude 
is normalized to 1 mA for the spurious power calculations.
The spurious power, as defined by Equation (3.15), is calculated for a microstrip 
line terminated by matched loads, open circuits and short circuits at both terminals and, a 
matched load on the left and a complex load of 8 pF//20 K£2 on the right terminal; the 
results are given in Figs. 3.8, 3.9, 3.10 and 3.11, respectively. As seen from Fig. 3.8, the 
radiation from a microstrip line terminated by a pair of matched loads is very small in 
comparison to those for other loads. The highest radiation occurs for the open-circuited and 
short circuited transmission lines of resonant length, for which the radiated power reaches 
the level of 1.0 |iW  for a 1 mA source current. The radiated power has a sharp peak 
around the resonance length of the line, and it becomes essentially negligible for off- 
resonance lengths. For the combination of matched and complex load terminations, Fig. 
3.11, the total radiated power is slightly larger than that of matched load termination case 
shown in Fig. 3.8.
-  1
(3.17)
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Figure 3.8 Radiated power as a function of the length of the line for
matched termination at both ends.
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Figure 3.9 Radiated power as a function of the length of the line for
open-circuit termination at both ends.
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Figure 3.10 Radiated power as a function of the length of the line 
for short-circuit termination at both ends.
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Figure 3.11 Radiated power as a function of the length of the line for a matched 
load and a complex load ZL=(20K//8pF) terminations.
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CHAPTER 4
ASYMMETRIC PARALLEL MICROSTRIP LINES 
TERMINATED BY ARBITRARY COMPLEX LOADS
Coupled planar transmission lines with equal line lengths have been extensively 
investigated in the past two decades by using quasi-static approaches [l]-[3], and full-wave 
analysis [4], [5]. The quasi-static approximations avoids extensive numerical calculations 
in the conventional full-wave analysis, but do not provide sufficiently accurate results 
above a few gigahertz.
Parallel microstrip etches can be used either as coupled lines or as interconnects for 
digital circuits. As interconnects, they may, in general, have different lengths and be 
terminated by different complex loads. Therefore, in this work, we investigate the problem 
of determining the current distribution and radiation leakage from parallel microstrip etches, 
which consist of two parallel microstrip lines with arbitrary lengths and terminations. 
Since the lengths of the lines can be different, their relative positions can be adjusted 
arbitrarily as long as they remain parallel to each other. In this model of interconnects, only 
one of the two lines may be excited by a constant current source at an arbitrary location on 
the line while the other line may be passive, therefore, they are called active and passive 
lines, respectively. Our objective is to calculate, in an efficient manner, the current 
distribution on and the level of spurious radiation from asymmetric, parallel microstrip 
lines, when each line is terminated by an arbitrary complex impedance. In addition, we 
would like to investigate the effect of the passive line on the current distribution of the 
active line and on the spurious radiation from the etches, as a function of the spacing 
between the two lines and the length of the passive line.
In Section 4.1, a brief description of the formulation of the problem, which is based 
on Galerkin's MoM in conjunction with the closed-form Green's functions derived in 
Chapter 2, is given, and a set of algebraic equations for the unknown current distributions 
on the parallel lines is obtained. The calculation of the level of spurious radiation, which is 
based on the knowledge of the current distributions on the lines, is also described.
As discussed in the previous chapter, an efficient approach to including the basis 
functions at the load terminals into a set of algebraic equations, derived in the context of 
MoM, requires the use of the transmission line equations. Since the microstrip lines may 
not be aligned and may have different lengths, it becomes necessary to use both 
transmission line equations for single and coupled lines. The use of the transmission line 
equations for the inclusion of the load basis functions is given in detail in Section 4.2.
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In Section 4.3, the results of the current distribution and the level of spurious 
radiation are given. The current distributions for various combinations of the lengths of the
goal is to calculate the level of spurious radiation from parallel microstrip lines and compare 
it with the radiation from a single line, the results of the radiated power for some typical 
lengths of the lines, spacings between the lines and load terminations are given as a 
function of the length of the passive line.
4.1. Formulation of the Problem
The geometry o f an asymmetric parallel microstrip lines is shown in Fig. 4.1, 
where line-1 is fed by an arbitrarily located current source through the substrate. The 
lengths and widths of the lines are denoted by li, I2 and w i, w2, respectively; the center- 
to-center spacing and the gap between the two lines are defined as the parameters Ay and s, 
respectively; Ax defines the amount of the shift in the longitudinal direction. The substrate 
thickness is di-i and the relative permittivity is eri-l-
The MoM formulation based on the use of vector and scalar potentials has certain 
advantages over a procedure that uses the Green's function for the electric fields. This is 
due to the fact that the Green's functions of the electric fields are more singular and their 
use requires the application of the method of principal value integration [6] to the evaluation 
of MoM matrix elements. Moreover, the electric field type of Green's functions is not 
suitable for discontinuous basis functions needed for the representation of the source and 
load currents [7]. In view of this, we have chosen to employ in this work the vector and 
scalar potentials in the MoM analysis of asymmetric parallel microstrip lines.
The tangential component of the electric fields on the microstrip lines can be written 
in terms of the Green's functions of the vector and scalar potentials as
where Jx is the longitudinal component of the surface current density J, and the y- 
component of the current density is assumed to be negligible because of the small widths of 
the lines as compared to the wavelength in the substrate. Therefore, the x-component of 
the current density is expanded in terms of the basis functions as
lines and spacing between the lines are obtained for some arbitrary load terminations, and 
the coupling effect of the passive line on to the active line is discussed. Since our ultimate
(4.1)
(4.2)
n n
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Fig. 4.1 Geometry of asymmetric parallel lines.
x=0
Fig. 4.2 Basis functions used along the line, at the load and source terminals.
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where I i n and l2n are the unknown coefficients of the basis functions used on the active 
and passive lines, respectively, and Js is the basis function for the current source. (See 
Fig.4.2.) Equation (4.2) is substituted into (4.1) and tested by testing functions, which are 
the same as basis functions for Galerkin's MoM, with a suitable definition of inner product 
to yield the following algebraic equations for the unknown coefficients o f the basis 
functions:
Nrl+1 i a a
5 1  *ln {  “ i 00 <  Jlxm> G xx* h x n  >  +  <  ^lxm» G q * ^ ’J lx n )> *
n=-Nu- l
Nr2+1 i a
5 1  2^n ^ <  ^lxm» G xx* ^2xn >  <  ^lxm> 0^'^2xn^'>| ‘
n=-Ni2-l
i a ( a
= jœ < Jlxm» Gxx* h  > “ jJJ < l^xm> Gq *^ JsJ> m= -N n ,...,Nrl
Nrl+1 i a
5 1  l^n {  "“J05 < ^2xm» G xx* ^lxn >  4* <  *^ 2xm» G q* 0^‘Jlxn^'> ”
n="Nll_1
N ^ l
+  5 1  *2n {  “ J05 < J2xm> G xx* J2xn >  +  <  J2xm> 0 ^ (  G q* J2 x n V }
n=-N12- l  J
= j°> < hxxrv Gix* h  > "  < 2^xm» Gq * ^ Js)>  m = -N 12,...,N r2
(4.3a)
(4.3b)
Note that, in the above, the number of equations is less than the number of unknowns by 
four, because the basis functions for the four load terminals have not yet been included in 
the testing procedure. Imposing the boundary conditions at the load terminals leads to the 
four requisite equations involving the complex load terminations. The applications of the 
load boundary conditions are discussed in detail in the next section.
Because each inner product term in Eqs. (4.3) involves a four-dimensional integral, 
it is not expedient to calculate these integrals by using their present format, particularly 
since the Green's functions appearing inside the integrals are available in closed forms. 
Instead, the convolution integrals over the Green's functions and the basis functions are 
transferred over to the testing and basis functions, which are chosen such that the 
convolution integrals involving these functions can be carried out analytically. Rooftop
functions, which can be convolved with each other analytically, are employed to represent 
the current distribution along the lines while the half-rooftops are used at the load and 
source terminals. (See Fig. 4.2.) The use of piecewise continuous functions as basis 
functions for the discretization of an operator equation of the type (4.1) leads to 
nonconvergent integrals; however, as explained in the previous section, these integrals can 
be modified to render these integrals convergent. The basis functions used in this study are 
given by
W x>y) = W 1 .
1 -
I x -  nhx I
1
W * , y )  =  — l -
x -  Ax -  nhx I
1 x + Niihx
Ji(-N u-i)* (x ,y ) =  - —  ^
JKNri+i)x(x,y) =
1 x - N rlhx
J2 (-N ,2- 1 ) x ( x . y )  =  -
wi K
1 x-A x + N12hx
w2.
J2(N.,+l)x (x.y) = —
1 x-A x -  Nr2hx
'  W2 h x
Js(x,y) = •
wi l  hx ;
(n - l)h x < x <  (n+ l)hx 
I y  I <  Wj/2
(n - l)h x < x  <  (n+ l)hx 
I y  -  Ay I <  w2/2
- (N u+ l)h x S x S - N u hx 
I y I <  Wj/2
Nrlhx< x  < (Nrl+ l)h x 
I y  I <  Wj/2
- (N 12+ l)h x < x -A x  < -N 12hx 
I y  -  Ay I <  w2/2
Nr2hx< x -A x  < (Nr2+ l)h x 
I y -A y  I <  w2/2
(4.4a)
(4.4b)
(4.4c)
(4.4d)
(4.4e)
(4 .4 f)
- h x<  x < 0
—  f ! -■ ? -  I 0 < x < h,
W i
I y I < Wj/2 (4.4g)
and it is implied that all of the basis functions are identically zero outside of their specified 
domains.
As explained in Chapter 3, the numerical calculation of the spurious radiated power 
is carried out most efficiently in the spectral domain. The total radiated power, defined as 
the power crossing a plane parallel to the plane of the lines, can be written in terms of the 
spectral domain Green's functions and current density as
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P= 2 Re ¿ H dkxdky [ ( G* E JXX J x )( G“  IJ- ( Gyx Î,)( G» ï x) ] (4.5)
where the Green's functions are given in Eqs. (3.16a)-(3.16d).
4.2. Imposing the Boundary Conditions at the Load Terminals
The system of Equations (4.3a) and (4.3b) cannot be solved uniquely for the 
coefficients of the basis functions unless four additional equations are added to the system. 
These additional equations, which are obtained by imposing the boundary conditions at the 
load terminals, relate the coefficients of the load basis functions to the remainder of the 
basis functions in terms of the complex load impedances. Two different approaches to 
incorporating the complex loads into the MoM analysis were discussed in the previous 
chapter, where it was shown that the transmission line approach that employs the current 
and voltage waves (as opposed to the fields) is considerably more efficient computationally 
than is the rigorous approach.
Since the geometry of the etches is asymmetric, each terminal of the parallel line 
system may be regarded as belonging to a single- or coupled-line system depending upon 
the relative length of the passive line and the longitudinal shift Ax. For instance, if 
-xi l  < -xi2+Ax and xr l < xr2+Ax, then the terminals -1 and -4 are treated as though they 
are terminals of single lines, to be treated separately, while the terminals-2 and -3 are 
associated with the coupled line system. It is essential to keep this in mind while imposing 
the boundary conditions at the load terminals to ensure that these conditions are being 
applied properly.
The characteristic equations of a single transmission line are written as
dl(x)
dx
dV(x)
dx
= -  Y V(x)
= -Z I(x )
(4.6a)
(4.6b)
where Y and Z are functions of the characteristic impedance and the propagation constant of 
the line which are calculated by empirical formulas, while the governing equations for a 
coupled line are given by
= jcoLn  I1(x)+jcoL1212(x)dx (4.7a)
(4.7b)
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dV2(x)
dx
d l^x )
dx
dl2(x)
dx
• = jcoL^ Ij(x) + jcoL22 12(x) 
= jcoCn  V^x) + jcoC12 V2(x) 
= jcoC i^ VjCx) + jcoC22 V2(x)
(4.7c)
(4.7d)
where the Ly's and Q j's are the Maxwellian inductances and capacitances per unit length of 
the coupled line, which can be calculated by using a quasi-static approach [8].
The application of the above first-order ordinary differential equations requires a 
finite difference approximation for the derivatives involved so that the load basis functions 
are related to the other basis functions. By using the relationship between the voltage and 
the current at the load terminals, we can eliminate the voltage values from and introduce the 
load impedances into the resulting equations. The resulting equations are not unique 
because they are dependent on the type of the finite-difference approximation employed. 
Since the position and the length of the passive line can be chosen arbitrarily, we have to 
consider ten different combinations of the load terminals, as shown in Fig. 4.3. The four 
load equations must be derived separately for each case. To illustrate the procedure, the 
derivation of these equations for the geometry shown in Fig. 4.3(d) will now be described.
Let us first consider the case in which Term inal-1 is considered to belong to the 
single line.
^l(-Nll-l) ^l(-Nll) —
_____________________________
Z ui
By using central differencing for (4.6a), forward differencing for (4.6b), and applying the 
load condition V l(-N ll-l)/f l(-N ll-l) = - ZL11, the following equation is obtained
^K -N ll-l) 1+jPihx
z u i
Zoi “  Il(-N ll) “  0
(4.8a)
where p i and Zoi are the propagation constant and the characteristic impedance of the 
active line alone, respectively.
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Fig. 4.3 Possible positions of the passive line with respect to the active line.
Now let us consider the situation in which Terminal-2 is considered to be a part of 
the coupled line system.
W )  r2m
_________________
[l(Nrl) Ii(Nrl+l)
s *  ---
Z u i
By using backward differencing and the load condition V i(N rl+ l) /I l(N rl+ l)  = ZLrl for 
(4.7a), V l(N rl)  can be expressed in terms of the load impedance ZLrl* I l(N r l+ l) , and 
12m- The latter quantities can be solved for simultaneously from Eqs. (4.7c) and (4.7d), 
and the following equation can be written for Terminal-2:
^ « w ) ■ _ ^ ¡ 5 : + Z L rl + j “ h x L u Ii(N ri+ i)"  s a f e  l2(”>-i)
'12
jwh.
T jcohxL n
x“ c
l2m = 0 (4.8b)
where Ac = C n  C22 - C 12 C21.
Next we consider the case in which Terminal-3 is a part of the coupled line.
ZL12
*2(-N12-l) 2^(-N12)
-  KX
/ScT1»
The equation relating the basis function of the load to the other basis functions and the load 
impedance is obtained the same way as described for Terminal-2, and is written as
C21 # C21 C n  ^
_ jc o h A  "•i“ hx L2> J Ilm “  jcohxAc j(0hxAc + Zu2
11
+  jC0hx L22 ^2(-N12-l) +  ^2(-N12) -  0 (4.8c)
Finally, we treat the case in which Terminal-4 is a part of the single line.
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The additional equation for Terminal-4 is obtained by following the same procedure as that 
employed for Terminal-1. The equation reads
“  Ï2(Nr2) +  ^(N rt+l) l+ j P 2h
ZL12
x z 02 =  0 (4.8d)
where P2 and Z02 are the propagation constant and the characteristic impedance of the 
isolated passive line, respectively.
By using these additional equations for each of the cases shown in Fig. 4.3 and 
supplementing them for the equations given in (4.3a) and (4.3b), one can obtain the current 
distributions on the parallel lines terminated by arbitrary complex loads. Once the current 
distribution on the lines has been calculated, the level of spurious radiation is obtained from 
Eq. (4.5). The results of the current distribution and the spurious radiated power are 
discussed in the next section.
4.3. Results and Discussions
The following parameters have been chosen for the examples given below: the 
dielectric constant of the medium eri-1 = 4.0; the thickness of the substrate di_i= 8.0 
mils(0.2 mm); the widths of the lines w=w]=w2= 4 d i-i; and the frequency of operation 
f= 1.0 GHz. The location of the source is chosen to be 0.4 cm away from the left edge of 
line-1, i.e., xi 1=0.4 cm, unless stated otherwise.
The current distribution on a coupled line, for which both active and passive lines 
have equal length and Ax=0, terminated by an open circuit at all the load terminals, is 
obtained for some typical spacings s (=Ay-w) between the lines. The current distributions 
on the active and passive lines are given in Figs. 4.4(a) and (b) for two different lengths of 
the lines, viz., lengthl=length2= 10.0 cm and =9.0 cm, respectively. Although the typical 
spacing between the lines is equal to the width of the lines, we have chosen the spacing s 
equal to the half width and twice the width of the lines in order to show the effect of the 
coupling. As expected, where the spacing between the lines is large compared to the 
thickness of the substrate, the coupling to the passive line is very small, while the current
Active line/s=2w 
Active line/s=w/2
Active Iine/s=2w 
Active line/s=w/2
Figure 4.4 Current distribution on a coupled line terminated by open circuits; 
(a) length=9.0 cm, (b) length=10.0 cm. f= l GHz, £ri-1=4.0, di_i=8 mils,
wi=w2=32 mils.
distribution on the active line is relatively unperturbed as compared to the isolated single 
line case. However, Figure 4.4(b) shows that the coupling to the passive line and the 
change in the current distribution on the active line are more pronounced when the lengths 
of the lines are close to the resonant length, which is around 8.5 cm for the given geometry 
and the frequency of operation.
The spurious radiated power is also calculated for the coupled line terminated by 
open circuits and presented in Fig. 4.5, where the length of the lines is considered to be the 
independent variable while the spurious radiated power is viewed as the dependent one. In 
this calculation, the spacing between the two lines is chosen to be equal to the width of the 
lines w. The level of the spurious radiation from a single microstrip line that has the same 
dimensions as the coupled lines is also given in Fig. 4.5 for the sake of comparison. The 
spurious radiation is lower than -30 dB |i for most of the lengths o f the lines; however it 
goes up to 2-4 dBp. at around the resonant lengths. The maximum radiation from the 
coupled line is less than that of the single line, because the current distribution on the 
passive line becomes 180 degrees out of phase with the one on the active line. This phase 
change starts at slightly less than the resonant length of the single line up to the center of the 
two resonant lengths, which is evidenced by the difference between the dashed line and the 
solid line shown in Fig. 4.5.
The magnitude and phase of the current distribution on a coupled line terminated by 
matched loads, which are chosen to be equal to the characteristic impedances of the active 
or passive line alone, at the four terminals are given in Figs. 4.6(a) and (b), respectively. 
The spacing between the two lines is used as a parameter and chosen to be equal to half of 
and twice the width of the lines for the calculation of the current distribution presented here. 
Since the load impedances are not exactly matched loads for the coupled line, the 
magnitudes of the current distributions have slight deviations. The level o f spurious 
radiation is also calculated for the coupled line terminated by matched loads, and given in 
Fig. 4.7. The radiated power increases with the length of the lines and saturates at the level 
of -40 dBfi, which is less than the amount of radiation at the off-resonance lengths from the 
coupled line with open circuit terminations.
To complete the study of the coupled line as an interconnect, we have to use 
complex impedances that represent typical terminations for interconnects used in 
Microwave Integrated Circuits. In this example, the active and passive lines, which are 
separated by the distance w/2, are terminated by matched loads on the left terminals and 
complex impedances of 20 kQ resistance paralleled with 8 pF capacitance, which is a 
typical input impedance of a TTL circuit, on the right terminals. The magnitude and phase 
of the cument distribution on the coupled line with the specified terminations are given in
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Figure 4.5 Radiated power as a function of the length of the single and coupled 
lines for open circuit termination at all terminals. f= l GHz, eri-1=4.0, 
di-i=8 mils, w i=w2=32 mils, s=32 mils.
(a)
---------Active line/s=2w
-— 0 — Active line/s=w/2
Passive line/s=2w
(b)
Figure 4.6 Current distribution on a coupled line terminated by matched loads; 
(a) magnitude, (b) phase. f= l GHz, eri-l=4.0,di-i=8 mils, w i=w2=32 mils.
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Figure 4.7 Radiated power as a function of the length of the coupled line 
for matched load termination at all terminals. f= l GHz, eri-1=4.0, di_i=8 mils,
w1=w2=32 mils, s=32 mils.
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(a)
x (c m )
(b)
Figure 4.8 Current distribution on a coupled line; (a) Magnitude, (b) Phase. 
Zl 11=Zl 12=Z0, ZLri=ZLr2= (20KQ//8pF), f= l GHz, Eri-1=4-0, di_i=8 mils,
w i=w2=32 mils, s=16 mils.
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Figure 4.9 Radiated power as a function of the length of a coupled line;
ZL11=ZL12=Z0, ZLrl=ZLr2= (20KQ//8pF), f= l GHz, eri-l=4.0, 
di_ 1=8 mils, wi=w2=32 mils, s=16 mils.
Figs. 4.8(a) and (b), respectively. Figures 4.8(a) and (b) show that the active line seems to 
have a resonance behavior even though one o f the terminations is matched to the 
characteristic impedance of the single line. This behavior is also seen from the plot of the 
radiated power vs. the line length, as shown in Fig. 4.9, where the level of spurious 
radiation oscillates due to resonance behavior while the increase saturates as in the matched 
load case given in Fig. 4.7.
In general, the microstrip lines that are used as interconnects may have different 
lengths and their starting and end terminals may be shifted with respect to each other, such 
lines are designated here as asymmetric parallel lines. Figure 4.10 gives the current 
distribution on asymmetric parallel microstrip lines terminated by open circuits at all four 
terminals. Each line is 8.0 cm long, shifted by 4.0 cm, and spacing s is equal to the line 
width w. Note that the current distributions on the active and passive lines are in phase 
which causes an increase in the level of spurious radiation compared to the radiation from a 
single line with the same dimensions as the active line. To assess the effect of the passive 
line on the level of radiation, the power of spurious radiation is calculated as a function of 
the length of the passive line while the length of the active line is kept constant at 8.0 cm, as 
shown in Fig. 4.11. For comparison purposes, we note that a single microstrip line of 8.0 
cm in length and terminated by open circuits at both ends^adiates around -15.3 dB|i. In 
the vicinity of the resonance, the level of radiation increases up to -9.5 dBji as the length of 
the passive line approaches the resonant length due to the in-phase coupling, and goes 
down to -20 dBp. as soon as the coupling is out of phase. However, for the out-of­
resonance length the level of radiation is almost equal to that from a single microstrip line. 
Another example is given for the asymmetric lines terminated by a matched load on the left 
and the complex load (20 ki l l  I 8 pF) on the right terminals of the active line while the 
terminals on the passive line are left open circuited. The current distributions are given in 
Figs. 4.12 and 4.13, where the length of the passive line is chosen slightly shorter for the 
former and longer for the latter, to show the switching of the phase o f the current on the 
passive line. The spurious radiation from this geometry is presented in Fig. 4.14 where the 
length of the passive line is used as an independent variable.
Figure 4.10 Current distribution on asymmetric parallel lines for open 
circuit terminations at all terminals; f= l GHz, eri-1=4.0, di-i=8 mils, 
length-1=8.0 cm, length-2=8.0 cm, wi=w2=32 mils, s=32 mils.
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Figure 4.11 Radiated power from asymmetric parallel lines for open
circuit terminations at all terminals. f= l GHz, eri-1=4.0, di-i=8 mils, 
length 1=8.0 cm, w i=w2=32 mils, s=32 mils.
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Figure 4.12 Current distribution on asymmetric parallel lines; (a) magnitude, 
(b) phase. Zl 11=Zo, ZLri=  (20K£2//8pF), ZL12=ZLr2= open-circuited, 
f= l GHz, eri-1=4.0, di-i=8 mils, length-1=8.0 cm, length-2=8.2 cm, 
w i=w2=32 mils, s=32 mils.
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Figure 4.13 Current distribution on asymmetric parallel lines; (a) magnitude, 
(b) phase. Zl 11=Z(), ZLrl=  (20KQ//8pF), ZL12=ZLr2= open-circuited, 
f= l GHz, eri-l=4.0, d i-1=8 mils, length-l=8.0 cm, length-2=8.4 cm, • 
wi=w2=32 mils, s=32 mils.
Length-2 (cm)
Figure 4.14 Radiated power from asymmetric parallel lines;
ZLll=Zo, Zlt1= (20KQ//8pF), ZL12=ZLr2= open-circuited, 
f= l GHz, £ri-1=4.0, dl_i=8 mils, length-1=8.0 cm, 
w i=w 2=32 mils, Ax=4.0 cm,.s=32 mils.
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CHAPTER 5 
CONCLUSIONS
In this work, spatial domain Green's functions for a general class of microstrip 
geometries have been presented in closed-forms and have been used to analyze single and 
coupled microstrip lines terminated by complex loads.
The use o f the closed-form spatial domain Green's functions in the method of 
moments formulation reduces the computation time significantly as compared to the 
conventional formulation carried out in the spectral domain. For instance, in a numerical 
experiment with 40 roof-top basis functions, the computation time for the current 
distribution is on the order of 1 min CPU time on DECstation 5100 when the closed-form 
Green's functions are used, whereas it takes on the order of 10-20 mins on the 
C R A Y / Y M P  for the same calculation using the spectral domain moment method in 
conjunction with an acceleration technique.
The investigation of the radiation leakage from a microstrip line terminated by 
complex loads has shown that the highest radiation occurs when the length of the line is 
near resonance, and the terminations are open circuits. It was also found that by using a 
passive line parallel to the active one can reduce the radiation significantly provided that the 
coupling is out of phase. This information could be potentially useful to a designer engaged 
in the planning of the layout of a low radiation module for a digital circuit
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APPENDIX A
DERIVATION OF THE GREEN'S FUNCTIONS FOR THE VECTOR 
AND SCALAR POTENTIALS IN THE SPECTRAL DOMAIN
The electric and magnetic fields in a homogeneous medium due to an x-directed 
point current source with unity amplitude can be written as
E(r) = -jco|i
(  - VV
l  + ~ T\  k2
(A. la)
H (D  = V x i ^ (A. lb)
Hence, the TE and TM components are obtained
-\2 -jkr
r  J o e J 
z ~ 4itcoe dzdx r (A.2a)
1 a e-jkrTJ _ _
z 4ji 3y r (A.2b)
Then, with the use of the Weyl identity,
-jk r  ■ -jk xx - j k y
,  k , • (A.3)
the TE and TM components can be written as the inverse Fourier transforms of the spectral 
domain representations of the corresponding fields,
E z - ±  2 f f  dkxdky kx e-jkP p e_jkz lzl
87tZCOE ZSU
(A.4a)
(A.4b)
Since this representation is only for the primary fields generated by the source in an 
unbounded medium, the z-variation of the total field can be found by taking into account
the reflected waves from interfaces. We will refer to this function of z as Tt e (z) for Hz 
and Tt m (z) for Ez> since this function represents the transmission from the source plane to 
the observation plane. Therefore, the total field components can be written as
i r“ r  t  z > o
E- ' ± 8 ^ « U ak-d l ’ k ' t  ™ <Z>
(A.5a)
H z = ^ O dk^ è e' JVPTTE(z)
(A.5b)
For the x-directed electric current (HED) in a layered medium, we need both the 
Ax, and Az components of the vector potential to satisfy the boundary conditions at the 
interface. The vector and scalar potentials are related to the magnetic and electric fields by
H = — V x A (A.6a)
E = — jco A -  VO (A.6b)
and they can be obtained in terms of the components of the electric and magnetic fields as
A* = - H  j d y  Hz (A.7a)
Az = i x j d y  Hx (A.7b)
O = -  J  dy Ey (A.7c)
The field components Hx and Ey can be written in terms of the z 
magnetic fields:
Ey="^2 [ al a7^+j“M-ar&z]
where ~ is used to represents the integrands of the corresponding field components, that is, 
Equations (A.8a) and (A.8b) are applied to each spectral component of Ez and Hz, not to 
the total fields. Hence, by substituting (A.5a) and (A.5b) into (A.8a) and (A.8b), all the
-directed electric and
(A.8a) 
(A. 8b)
necessary field components to find the vector and scalar potentials have been found. Using 
these components in Eqs. (A.7a)-(A.7c) results in
r ixxO a =
j2k, t te
pZX M-
° a  - J
j k x „  ^  K  d
V  ™
TE
i - T  + &  T™ +
(A.9a)
(A.9b)
(A.9c)
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A PPEN D IX  B
LEAST SQUARE PRO N Y ’S M ETH O D
Prony's method is an approximation technique for representing a given function in 
terms of a linear combination of complex exponentials [B .l], [B.2]. The original version 
of Prony's method employs twice as many sample points as the number of exponentials, 
with which the given function is being approximated, which is commensurate with the total 
number of unknowns (coefficients and exponents) to be determined. However, for many 
practical situations, the number of sample points is usually chosen to be considerably 
greater than the number of exponentials for the purpose of improving the accuracy of the 
approximation. In this event, it is necessary to employ a modified version of the Prony's 
method that is based upon least square analysis. The details o f implementing the least- 
square Prony algorithm are outlined below.
Consider a complex valued function F(t) of a real variable t to be approximated by a 
sum of p exponentials as follows:
where Ck and ak are the unknown complex parameters that we are attempting to determine
from a knowledge of the sampled values of F(t) over a range of t. Let the complex-valued 
function F(t) be sampled at N equally spaced points t = [too/(N-l)] n, n=0,l,2 ,...,N -l.
Then (B. 1) can be rewritten as
p
(B.l)
k=l
P
for n = 0, 1, 2 ,..., N - l (B.2)
k=l
where
zk = e3* N-i
and Eq. (B.2) may be expressed in a matrix form as
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o o o o C i '  F (0 ) ‘
Zl Z2 Z3 •
• • *  
• • Zp
1
Zl
1
Z2
1
Z3 . C z F ( l )
2
Zl
2
Z2
2
z 3 . c3= F ( 3 )
N -l N -l N -l N - l
• •
L z i *2 *3 . . . Zp J A . F ( N - l ) .
If the elements of the matrix z i, z 2 , . . . ,  zp were known, Eq. (B.3) would represent a set 
of linear simultaneous equations for the coefficients Ck and could be solved via usual 
methods if N equalled p or by using the least squares method, if N exceeded p. However, 
for our problem, the z's are unknowns as well (since we have not yet determined ak) and, 
consequently, we need at least 2p equations to be able to solve for the 2p unknowns. Even 
with the availability of these equations, we will have to confront the problem of having to 
deal with a highly nonlinear problem. The beauty of Prony's approach, which is outlined 
below, is that it allows one to resolve this problem in a very systematic and convenient 
manner.
We begin by observing that Eq. (B.2) can be viewed as a solution of some 
homogeneous difference equation with constant coefficients, and the z-elements are the 
roots of the characteristic equation
zp + (Xj + a 2 zP~2 + . . .  + Op.! z + <Xp = 0 (B.4)
The coefficients a 's  of the polynomial in the left-hand side of (B.4) are unknowns. In 
order to determine these coefficients, we multiply the first p+1 equations in (B.3) by ocp, 
o tp - i ,..., a i ,  1, respectively, add the results and make use of the fact that each z satisfies 
Eq. (B.4). This process is repeated (N-p-1) times, starting each time from the successive 
equations in (B.3), to obtain the following (N-p) linear equations
(XpF(O) + Op.jFQ) + . . .  + (XiFtp-l) = -  F(p)
cXpF(l) + (Xp^FQ) + . . .  + a i F(p) = -  F(p+1)
(B.5)
OpF(N-p-l) + (Xp.iFtN-p) + . . .  + a ^ N - 2 )  = -  F(N-l)
This set of equations can be solved conventionally for the p a 's  if N=2p, or approximately 
by the method of least squares if N>2p. Once the a 's  are known, then the z's can be
found as the roots of (B.4) and the complex coefficient C's can be subsequently determined 
from the linear equation (B.3). The latter represents N equations for the p unknowns and 
is solved either by direct inversion or by applying the least squares algorithm based upon 
the criterion alluded to above.
References
[B. 1] S. L. Marple, Digital Spectral Analysis with Applications. New Jersey: Prentice- 
Hall, 1987.
[B.2] F. D. Hildebrand, Introduction to Numerical Analysis. New York: McGraw- 
Hill, 1956.
82
A PPEN D IX  C
D ER IV A TIO N  O F G R E E N ’S FU N CTIO N  FO R  A TRA N SM ISSIO N  LINE
We consider the problem of the current distribution on a transmission line excited 
by an impulsive source and terminated by complex loads, as shown in Fig. C l.
ZLr
X=-Xj X=0 X=Xr
Characteristic impedance ZQ 
Propagation number k
Figure C l A transmission line terminated by complex loads.
The governing equations can be expressed in terms of voltages and currents on the line, as 
follows:
dV(x)
dx
dl(x)
dx
= -jcoL I(x)
= -jcoC  V(x) + Is(x)
( C . l )
(C.2)
where Is(x) is a parallel current source, and L and C are the inductance and capacitance per 
unit length, respectively. Starting from (C.l) and (C.2), the following linear, second 
order, inhomogeneous, ordinary differential equation is obtained for the total voltage V(x) 
on the line;
— —t—• +  k2 V(x) = -  jft)L Is(x) (C.3)
dx2
and the equation for its associated Green's function
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■d- ° -X:'X-  + k2 G(xlx') = -  8(x-x ') (C.4)
dx2
The general solution for (C.4) can be obtained in the source-free regions as the solutions of 
the homogeneous part of the differential equation (C.4);
’ A e -jkx + B e ikx - x , < x < 0
G(xlx') = •
C e - ^  + D e ^ 0 <  x < Xj
(C.5)
where x'=0, and A, B, C and D are unknown coefficients. To solve for these coefficients, 
the following boundary conditions are imposed at the source and load terminals;
G(xlx'=0)
dG(xlx-O)
dx
x=0+
-  G(xlx-O) ,
x=0
dG(xlx'=0)
= 0 (continuity of voltage at x=0) (C.6a)
x=0+ dx x=0~
_ = —1 (continuity of current at x=0) (C.6b)
1 dG(xlx-O) G(x==-X[ 1 x -0 )
jcoL dx X=-Xj Zu
1 dG(xlx-O) G(x= -x , 1 x'=0)
jcoL dx X = X r~ Ztx
(C.6c)
(C.6d)
After having found the Green's function of the voltage, the current distribution for unit 
amplitude source at x=0 can be represented in closed forms as
1 1+ e_j2kXr r Lr
2 i - r Lrr L1e_j2k0t>+x')
J , ( x ) =
1+ e_j2kx’ r u
2 i -  r Lr r L1 e_j2k<xi+x')
[ e ikx- r L1e-jlt(lI+2xi) ] -  x, < x < 0
[ - e - jkx + r Lreik(x-2^ ]  O Sx S x ,
(C.7)
